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Characterizations and properties of genomorphisms of semi-modular lattices of finite length 
are derived. In particular, a strong isogenomorphism on a semi-modular lattice with exactly 
two nodes is shown to be either an isomorphism or a dual isomorphism. ((:’ 1990 Academic Press, 
Inc. 
INTRODUCTION 
One of the most powerful notions of algebra is that of homomorphisms. 
However, this notion can be used only in the case of algebras of the same signature. 
A natural generalization of homomorphism called genomorphism, for dealing with 
algebras of different signature has been introduced by E. K. Blum and D. R. Estes 
Cll. 
Though the main goal the introduction of genomorphisms is to be able to deal 
with algebras of different signatures, an important problem is also to study and to 
characterize genomorphisms between algebras of the same signature. 
E. K. Blum and D. R. Estes in their paper gave a characterization of 
autogenomorphisms of free semigroups and groups. E. Kotlebova [7] gave a 
characterization of autogenomorphisms of finite Boolean algebras. 
In this paper genomorphisms and especially autogenomorphisms of semi- 
modular lattices of the finite length are investigated. As a by-product we get the 
solution of the Grater’s problem 1.4. Moreover, some general properties of 
genomorphisms in algebras of different signature are presented. 
BASIC CONCEPTS 
In this section some notations, basic definitions, and several basic but easy to 
prove theorems concerning genomorphisms are introduced. 
If (A; F) is a universal algebra, then P’“‘(A) denotes the set of n-ary polyno- 
mials of (A; F) and for nonempty XE A, [X; F] denotes the subalgebra of (A; F) 
generated by X (for details see [S]). 
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DEFINITION 1 [ 11. Let (A; F) and (B: G) be arbitrary algebras. A mapping 
cp : A + B is said to be generative if for every n-ary function f~ F, n > 0, it holds: 
f(a I,..., a,)cp~ Ca,cp, . . a,~; Gl 
cp is said to be congruential if u,cp = a,$, 1 d i < n, implies 
f(a 1, . . . . GJcp =f(4, . . . . 4Jcp 
for every n-ary f ??F. cp is called a genomorphism if it is both generative and 
congruential. 
Now we introduce an equivalent definition of generativity which enables us to 
introduce strong generative mappings and corresponds with the definition of weak 
homomorphism (see [4]). The equivalence of these two definitions is easy to see. 
DEFINITION 1’. Let (A; F) and (B; G) be arbitrary algebras. A mapping 
cp : A -+ B is said to be generative if for every n > 0, every f ??P'"'(A) and every 
a,, . . . . a, there exists g E P’“‘(B) such that 
flu ,, . .f %)cp = da,% . .T hcp). (1) 
If, moreover, for every n > 0, every g E P(“)(B) and every a,, . . . . a, there exists 
f E P(")(A) such that (1) holds, then cp is said to be strongly generative. 
The mapping cp is called strong genomorphism if it is both strongly generative 
and congruential. 
In the definition of the (strong) generativity the choice of the polynomial 
g E P(“)(B) (g E P(“)(B) and f E P'"'(A)) depends also on the elements a,, . . . . a,. 
This is the difference (main) between (strong) genomorphism and (semi) weak 
homomorphism. 
Remark. Every homomorphism and every weak homomorphism are strong 
genomorphism and every semi-weak homomorphism is a genomorphism. An 
injective (strongly) generative mapping is obviously a (strong) genomorphism. 
The prefixes epi, iso, and auto have the same connotation as in the category of 
sets. 
Now we introduce an important theorem, which holds also for homomorphisms 
and weak homomorphisms (see [ $61). 
THEOREM 1. Let (A; F) and (B; G) be arbitrary algebras and cp : A --) B be a 
(strong) epigenomorphism. Then we can write cp as a composition ~0 cp’, where 
q:A+A/O, is a natural homomorphism and cp’ : A/Q, + B is a (strong) 
isogenomorphism. 
Proof: For the case of epigenomorphisms the theorem follows from 
genomorphism Theorems 1 and 2 in [ 1). The proof for the case of strong 
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eipigenomorphisms can be obtained by a slight modification of the proofs of 
abovementioned theorems. 
Modifications of the following theorems are well known in the general theory of 
the universal algebras and their proofs are easy to make. They hold for a strong 
genomorphism but not for an arbitrary genomorphism. 
THEOREM 2. The inverse cp ~ ’ of a strong isogenomorphism is also a strong 
isogenomorphism. 
THEOREM 3. Let A, B,, B, he algebras, cp 1 : A + B, be a strong genomorphism, 
(p2 : A + B, be a strong epigenomorphism, and qq, : B, -+ B, be a congruential mapping 
satisfying q2 = cpI 0 qO. Then cpO is the strong genomorphism. 
THEOREM 4. Let A,, A,, B be algebras. Let cpI: A, + B, (p2: A,-+ B be strong 
genomorphisms with cp2 injective. If qO : A, + A, satisfies cp, = cpo 0 cp2, then cpo is a 
strong genomorphism. 
STRONG GENOMORPHISMS AND GENOMORPHISMS OF LATTICES 
Note that in order to describe (strong) genomorphism of lattices we can reduce 
to the case of bijective mappings (Theorem 1). 
THEOREM 5. Let L and L’ be lattices. Let cp: L + L’ be a strong 
isogenomorphism. Then for every a, b from L we have 
{(a v b)cp, (a * b)cp} = {acp v bq, acp A bq}. 
ProoJ From the generativity of cp we get 
(a v b)cp, (a * b)cpe CW bq; v, A I= {acp, bv, acp v b, acp A b} 
and the strong generativity of q implies 
acp v bq, acp A by E {acp, bq, (a v b)cp, (a A b)cp}. 
The notation a /I b will be used to say that elements a and b from L are 
incomparable. 
COROLLARY 5.1. Let L and L’ be lattices and cp: L-+ L’ be a strong 
isogenomorphism. Then for every a, b from L, a 11 b if and only if acp 1) bq. 
If L is a lattice then an element of L comparable with all elements of L is called 
a node of L. 
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COROLLARY 5.2. Any strong genomorphism cp: L -+ L’ maps nodes of L into 
nodes of L’. 
Remark. Every bijection cp from a chain to an arbitrary lattice is a 
genomorphism. 
THEOREM 6. Every autogenomorphism of a finite lattice is a strong 
autogenomorphism. 
Proof The proof is based on the following idea. Any isogenerative mapping cp 
maps any pair of incomparable elements to a pair of incomparable elements. The 
set of all elements is finite so cp must map comparable elements on comparable 
elements. 
Let lattice L have finite length and its nodes be a, < a2 . . < a,. We define a 
block of L as 
(i) an interval [a;, ai+ ,] which has at least three elements, i.e., for every 
aEL, ai<a<ai+l there exists an element a’ such that a 11 a’ or 
(ii) as an interval [ai, ai] if ai is join and meet irreducible. (Observe that if 
ai+l covers ai then interval [ai, ai+ ,] is not a block.) It is easy to show that join 
of all blocks Bi of the lattice L is equal to L. (Blocks need not be disjoint!) 
LEMMA 1. Let L and L’ be lattices of finite length. Let q: L + L’ be a strong 
isogenomorphism and B be a block of L. Then 
where B’ is a block of L’. 
Proof The proof is trivial for the case that B has only one element. Let B be 
equal to a block [ai, ai+ 1], where ai< a < a,+, and acp E B’ for some block B’ 
of L’. 
Let b be an arbitrary element of B. We want to show that also bcp E B’. 
If aI1 b then, by Corollary 5.1, acp II bq and so acp, bq must be from the same 
block, i.e., bq E B’. 
Let a St_ 6. We can choose an element x, E B such that a II x1. If b 11 x, then elements 
acp, bq, x1 cp are from the same block. Let b be comparable with xi. We can 
assume, without loss of generality, that b < a. If b = a A x, then acp, bq must be 
from the same block (Theorem 5). Otherwise we can choose an element x2 E B, 
x211aAx,. (Note that a;<b<aAx,<a and (aA x,)cpEB’.) If x,1/b or 
b=a A x, A x2 then bcpEB’. Let x,#b and b<a A x1 A x2. Now we can again 
choose an element x3 E B, x3 11 a A x1 A x2 and repeat the preceding consideration. 
We get the sequence a,< b < a /\ x1 A ... AXE< . ..<aAx.<a but we must 
stop in the situation when (here we make use of the finite length of L) 
b = a A x, A . A xk or b I( xk and this proves that bq E B’. 
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COROLLARY. Let L and L’ be lattices of finite length. Let cp : L + L’ be a strong 
isogenomorphism. Then q realize a bijection between sets of blocks of L and L’. 
LEMMA 2. Let L be a semi-modular lattice of finite- length which consists of one 
block, i.e., its nodes are 0, 1. Then for every element b E L, 0 #b # 1 there exists an 
element b’ such that b jl b’ and b v 6’ covers 6, b’ and b, 6’ ‘cover b A b’. 
Proof Let b be an element from L. We can choose an element b” EL such that 
b/I b”. Let for 6” the requested property does not hold. Let us denote y = b A 6”. 
Then y < xi < 6, y < z1 d b”, where < is the covering relation. If b =x1 then the 
lemma holds for 6’ = zl. Otherwise, we consider z2 = x1 v zl. By semi-modularity 
it is easy to show that z2 /I 6. Repeating the previous argument we get a finite 
sequence z, <z2< ... <z,, the last element of which has the requested property. 
THEOREM I. Let L and L’ be lattices of finite length and L be the semi-modular 
lattice which consists of one block. Let cp: L -+ L’ be a strong isogenomorphism. Then 
cp is either an isomorphism or a dual siomorphism. 
Proof Without loss of generality we can assume that 0~ =O. Now it is 
sufficient to prove that a < b implies acp < bq (Theorem 5). Let there exist such a 
minimal element b that we can find an element aE L such that b < a and 
acp < bq. According to the previous lemma there exists an element b’ such that 
b I( b’, b v b’ > 6, b’, and 6, 6’ > b A b’. 
There are three possible cases. The case a 1) b v b’ is in contradiction with 
Corollary 5.1 because acp < bq d bq v b’cp = (b v b’)cp. The case a 3 b v b’ is in 
contradiction with the choice of a minimal element b ((b A b’) < b < a implies 
(b A b’)cp= bq A b’cp<acp< bq but acp<b’cp); and the case a< b v 6’ is in 
contradiction with the choice of an element b’. 
COROLLARY 7.1. Let L and L’ be lattices of finite length and L be the semi- 
modular lattice with blocks Bi, i = 1, . . . . n. Let cp: L + L’ be a strong 
isogenomorphism. Then we can write 
cp= (j (~14, i= 1 
where the restriction cp on the block Bi, in short cp I Bi, is an isomorphism or a dual 
isomorphism. 
Directly from the definition we can prove that mapping cp: L + L’ is a strong 
isogenomrophism iff cp is a bijection between Sub(L) and Sub(L’) (where Sub(L) 
and Sub(L’) denote sets of all sublattices of lattices L and L’, respectively). 
COROLLARY 7.2. Let L be a semi-modular lattice offinite length which consists of 
one block. Let L’ be a lattice and Sub(L), Sub(L’) be isomorphic. Then lattices L and 
L’ are isomorphic or dual isomorphic. 
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Corollary 7.2 presents the same solution of Grltzer’s problem I.4 (see [S, p. 561) 
as the one which has appeared in [2]. 
E. Kotlebova [7] showed that we can write every autogenomorphism on finite 
Boolean algebra B as a composition cp = $0 h, where II/ is an automorphism on B 
and h is a bijection satisfying ah E (a, a’} for every a E B, where a’ is a complement 
of a. 
COROLLARY 7.3. Let B be a finite Boolean lattice. Then any autogenomorphism 
q on B is either the automorphism or the dual automorphism. 
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